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Which factors do affect?
Is there affecting factor? Value-based Rank-based

(assuming Normality)

(exploiting less info)

2 Groups

t-test

Wilcoxon Rank Sum /
Permutations

2 Groups — paired

t-test for differences

Wilcoxon Signed Rank

(values are partially used)

K Groups — compare
proportion (binary Y)

p-value of p2-p1 (only for K=2) /
Pearson )(Z-test/ Fischer exact test

1D K Groups

F-test for MSB/MSW

2D K4 X K, Groups

K Groups by Blocks
(possibly 2D blocks
as Latin square)

F-test for MS{A/B/AB}/MSW

Bonferroni / Tukey /
Scheffe

Wilcoxon + Bonferroni /
KW

Friedman

2M Groups

F-test on MSB/MSW?

2M Groups - single
sample (or 2M-P)

Lenth’s PSE on regression
coefficients

Regression residuals
analysis
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Blue line has slope equal to Lenth's PSE.
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Sorted Parameter Estimates

Term
T(20,40)
Ca(10,15)
Co(10,12)
T*Co
P(50,80)
TP

Ca'T
Ca*P
Ca*T*P
T*P*Co
Ca*T*Co
P*Co
Ca*P*Co
Ca*T*P*Co
Ca*Co

Relative
Estimate Std Error
12 0.25

-4 0.25
275 0.25
2.25 0.25
-1.125 0.25
-0.625 0.25
05 0.25
0.375 0.25
-0.375 0.25
-0.375 0.25
0.25 0.25
-0.125 0.25
-0.125 0.25
-0.125 0.25
0 0.25

Pseudo
t-Ratio
21.33
-T.11
-4.89
4.00
-2.00
-1.11
0.89
0.67
-0.67
-0.67
0.44
-0.22
-0.22
-0.22
0.00

Pseudo
p-Value

<.0001*

0.0009"
0.0045*
0.0103*
0.1019
0.3171
0.4148
0.5345
0.5345
0.5345
0.6753
0.8329
0.8329
0.8329
1.0000
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DA 72U X' TTANN WD 7w nonnt aliases 02101 1102 N12YNN DNYSYAY D'NIA
7'W7 NNAITA .NTTIAN XYM INYOYN 70191W D ,V'Dwn 11'RY DI Dy alias n'n y'own
NIYPRIVYIN 'RY DMIN P71, XX, [T, X AT 75 DA md Laliases D X, [T X; A 2
TN 12'0 Y'9YNn 0NIA 75W 7200 ,2<3T0Nn NIy'own
D™7UNY71 DUIWRIN DNIVR9N M-p 7w Nirvaanipn 791 wnnwn? v 2M-P yomna 79 joixa
L1000 W A TANN W7 DXNNA 090120 DNIVPON p NN
D'NMIAN 7V NININ 19N ATY AR .p = 1 1w ar e 2707 'R N20m XY
D'2111 D'YTON NI'YPRIVI'RN 0N D'Y'OYNN D'MIIANY NNINN NN X ,D'Y'OYNN
.D21Y M,p 112y ' TanN WRD Ip7 NI NI W'Y k1D
YA NN NXEN NN IR D7 0T (design resolution) 100 7w aniitin
QNI 210N 1N TON NIFYPZRIVIRN TITA .N'MPYa XD 3-n Mo AXI7IM 775 arTann
:NIN NIDINI NIXIZITIA A'wn? N
JIAIT NIRYPZRI0Y'R DY NIDYNA NINYIoN NIF'YRY NIvswn 23 i
JINNX OY NID2WNNA NINYON NIAIT NIPYPRIVIR 4 i
.1-2 DMT0N NIYPRIVY'R |2 2D 'R S i

Ay Imy

NIXI2P NWR N 772 MW M2 :ANOVA (7)

NOXRT W nivp 'NN 2 < k 2 nnivn nna :avan .1
(x~N(y;, %)) DY NIrRIYI NIRIY NIZNIM 0Y NIXAPA Dif'ain iid ninaT :nima .2

TRTHIRIM

.(MmnM17 n7x70%7 N1aw7 ixn nTNai) plot(group_id,x) NN'w niwy? N1 DM vyn Yy L1
.Boxplot .2

MX1277 12 2°9720 DIW° DR
:ANOVA = AOV = Analysis Of Variance

NI7NIN2 07720 0P DX PTIA1,NNT NNRIY DY D707 NA79NN nxRp Dw nan 71mn 1

Y, j~N(u;,0) = N(p + a;,0)
:The One-Way ANOVA Model — 717w [91X2 IX

Yij=pn+ai+e; €;~N0,0%), Ya;=0

niiw oy 0 2'a0 N'ynn a%onn Y, — ¥ 271 ,(e; = 0) NIXIAPN 2 NRIY 'K 09XN NMYWA NN .2
[PNN N10oY Y, — Y DX vl DRI LYIT 1'R 0 ,NINT DY .'T2INN 71220 09N 97 n;-ni g-n NITAN
NI¥IAZN N2 NDIYA 170 DDIWA Y, — Y "2 0'7Tann Jipn DX VT X7 70191 XOXTN Y9 nmatnn
JINAPN 2 IR

NIXIAFA ['2 NNIYA 1A% NIXIAED 1IN NRIYA |2 2Y'Y' DI AWl DRT Dipna. .3

:Sum Squares Total = Between + Within

k N

k
SST =3(v,; - 7)" = Zni(ﬁ —-1)? + ZZ(Y"J —T,)" = SSB + SSW
i=1

i=1j=1

MSW = SSW/(N — k) ,MSB := SSB/(k — 1) ,MST = SST/(N — 1) 9 .i
.(Mean/Sum Squared Total/Between/Within)
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NNIYI NINATY 70 Ar'mIn ,NimaTY 79 NI X — ninaaY v nirnk 2% 71mn pirt 200
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Fn—tm) = (V1—p0)
MSW %ﬂ%
MUm = W (Hy) "ywn? p-value Nma7 N1 [xoni (...t Nia7snn
NINN NIRNYA 79 npna nignam nn- .3
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JI¥INN NP NY NN 73apnn D1IY D'aTn 7Ty b
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2
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con (k—l)MSWZ;—ii
.0'001VAI7 MY Tukey 7w N'7'7O0 Kin Scheffe 7w 'vorvLON i
NIXIYAN 7D NIAYY7 ,0"MYOND D'VONVAIPA 7D 7V DIN'opna XIN 'V0'VLON i
.Tukey-n 2NI* M D71, DT
:on'o .7
Tukey :DIAITN 20 "2 AXNWN LA
725 ;N1 jupn o niN '9%7) Tukey IX Bonferroni :NixIap 7w DM'on NIAIT 12 nRIWN b
.(Tukey-7 M9 Ty W' 712 NIAITN 190NY
;NI [OPN JAOoN NN '9%7) Scheffe IN Bonferroni :NIXIAP 7w D'MION D'90IX |2 NXRIYD  .C
.(Scheffe-7 ni9o*Ty W' 772 D'D0IXN 190NV 7DD

ANOVA-1 mnan 892 M21n MR
X7 X NNATA 12 NI 'R NI YN (X L xy — 1.0N) 1A% otiman aneT 2y nonnon .1
YRR NNIYA IR DIP7NINA NINIA DX YN
.Bonferroni [I7'n oy (3 719 nX1) Wilcoxon Rank Sum Test :0Iw9 |NN'D .2
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kw =S0iD

SEamR-R?  (R="2)

XE_1 Anaayonn kw ,(n; = 5) oM omam iy .a
NIMYOKRN NI'YVINION 75 NP'TA 9% NN'Y' kw-7 p-value AwN7 [N ,0107 D'AATA YA b
DT

09PN O°VPOXR OV NN mIN°]
JIMI0ZN NUOI72INA DATA 21 [N NITTAIN NINIAVEN D™pn D'VF79X DY ANOVA 71m .1
.07V nia'7n 7702 nnpwnt Damd ,NniY Niaf? 5-2 07200 nNpwn Y AT anaT .a
.N(0,02) 0279000 D" PN DANWNA NYD [N a4 ... @, NIWOWAN b
Yij~N(u,0Z + %) nn"pn nnaT 9 .02 ANATY NIYN NIV ,AT0ITIND NNDIY IT 07

NMR0FN ANINA NNAT? (62 /(02 + 02) nY'Ip) 62 NONIUN NRIY NNt UKD

MSB
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o ~Fk—1,n-k XIN [N2NN '00'VVO ,DWIAR D'VPOX 7w MpN7 Nnr. .d

—u
" [ ssB
N(k-1)
DA NINATIN NIMIRAVEN k-7 722mM g NITIK QOXIN YTNNY DIYN ,T171 woIn NINT k-1 v .3

(?k-1-n nIN® X7 N7 ™8 ,NIN'AT 7Y '910 190N DA W' 72X) NI NINAT W' TWURD

.MSW XIn ¢2-7 n'on on Taik .3
MSB—MSW

N/k

~tr_1 :|TINA DATA DY D' D'OPOX VAV N'7700 N7nINn NTR- .2

(62 = 0> N7 21m1 AT NNt "7 NIRYY 219Y) NIN g2-7 'wao mIX .4

0°P1722 NORIPR IRYPT OV 101 (8)
:(RCBD) Randomized Complete Block Design .1
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(720 Y 1A no'w / WT Nyswn) 0UR77N 010N NAZIMIN PN .3

(Nuisance Factor ,nTI0N DA) YV'OWUN DA W' TWKRD (DIWT) NI | 2 AXIwn :n'van b
NIRXPNIWURM YIT (D'7172) V'OWUNN DIIAN UKD L (D172 = NNTR NIR'7N) DIW DD ) DY
N0MYY MmN (01w T) NIXRE? (0'7'NY) 10N nITNe

IR IXPI'Y DY NINAR -7 "R pn RORTN L(172) J 7w 7w Doy nnon
2100 NINIP?

NNIY NIXIAP) 102 NIXIAP 19017 (7721 INIX 112y NNR-19Y7) a1t 0at 7w 0770 it .d
(7172 ImIx Ny

HTmn 2

Yii=pu+a;+B;+e€; Ya; =Yp; =0,€,;~N(0,02)

:N'VO'VLO N7on .3

I J
SSA=] ) 5= 77 ,55B =1 (7, -7) ,SSE = Y (v = 5. 7, +7)"85T = Y (v = 3)’
i=1 =1 i) Tj

SST = SSA+ SSB + SSE

b. MSA: _ﬁ, MSB =338 MSE = —3E _ poT = 35T
-1 J-1 I-1(J-1) 1j-1

c. E(MSA)=o%+-LYa? EMSB)=o?+ ]_leﬁf, E(MSE) = o2
d. Hy:a;=0 (for blocks: g; = 0)
e. Test statistic for groups: Fy= Ziﬁ Fi_1a-1g-1) (under Hy)

i. Y. isunbiased estimator of i + a; with variance a2/J.
ii. MSE is unbiased estimator of o2
iii. Comparing pairs or contrasts of groups can be done similarly to ANOVA.

iv. Itis claimed that F-test is relatively insensitive to slight a-Normality of €;;.

f. Test statistic for blocks: Fg = Z—zg ~F;_1,0-1)¢-1) (under Hy)

i. Relevant for future experiments design.
:(Friedman) jnT9 |jnan .4
71720 IN2 NAN'T DX D720 NPOXN 75 — [NV DIZN NIFDXNN AN'T 7Y [Nan .a
AN X' ¥2 N7oNn |2 10D ;n¥Ap-pI7a 797 NTN NYOXN IT N07AA N'IN) [NANn 'V0'VLO b
((NIrYuINN® |Nann p-value MY W' NONK — XA 722 NI'oxn 7w 71ma 1oon 1y 1Ta7a

Q= (R"‘_¥>Z’ = 1(11-2+]1)ZQ‘ ~ -1

library(coin); help(friedman_test) :R-2 .c
7172 72 112y woIn NANT Taxn 07N ,0WIT DI 7w nyoswin 710an RCBD 7T ni?' nnvn L5
V'IoUnn DIIAN DY NXPRIVIR X77) DIIWN D'RI722 IR @; 110230 NIXIAR NYOSUNY Nfan DI
JINON NI'9XN DY TIAWY? NI nwpnn 77mn 2 1nd .(ix'nn

1YY Y12
091 DI' ;'R77N 2172 1IN 2NN 11 DA 17 DNAIT?) DRNWN Y 'Y NINU9IRA 10N NITN YWX) .1
DINYNN Y '9%7 N'YIaN 07201 110N NIT'NY DX 1T07 N1, (DI1IY D' DIIY D'VMID 7Y 1101
.NTINY 72221 MY 752 DY X" AXIAR 727w 10 1010 NIXIRYT NIXznYI
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0N NAXPIRLVI'X N7 ORLVOYN DMIX'NN DINYNAN ThX DW N 107 ynMITo  .a

Q°y12p 0°UPON QY "1N°2-17 NMNW 7N :Fixed Two-way ANOVA (9)
("7193 101") ™12 0'y'OWN 0NN Y 7Y NN = ND-1IT DY nima- L1

.2 oy/*2 X X 719'0 DY/'72 110N NIXIAR) DMRIDT 0Y719'0 Y 7Y N2VINN NN NNAIT - .a
Tmn .2

Yij =+ a; + Bj + (aP)ij + €

.0-7 MIM>01 NTIMY/MIY 722 NIPYZRIVI'RNT NIFYXRIN NIYVOYWAN .3
"y NPYPXI0YIR DI N'OTA |INQ7 [N .WOIN NIANT N2IN NID'0IN NIYPRKIVIR .b
(nrMroTR NIYSWNN DX JNI7D) NIYPRIVIR 1TV — plot(x=i,y=mean y over k, by=j)
2N (X 'Y IR N AT DT'NR 07NN Y7p1) D712 0'9Na 17an!
SST = SSA + SSB + SSAB + SSW-7 '10'12 nifmaTan NIMIYA DX 197 N2 .3
XD 727 m yIa NI'9XN 190N 1Y NIMATAN NIFIYA AIY'N .3

SSA = mJZI: Fee =V0)’

-

SSB= ml) (F.,.—Fu)

SSAB = 13S0~ —Ton T

=]

I J m
SSW = 22D 05
=l j=l k=l
Inann 'vo'vvo b
MSA MSB MSAB

Fy = W~F1—1,(m—1)ljr Fp = W~FJ—1,(m—1)I]r Fyp = MSW ~F_ng-1),m-11y
S7TImn N7nn KT nimrwn 7y (Normal Quantile plot) gnorm "y N1'N2%7 nana ni'tminn nnan - .4

Random & Mixed Two-way ANOVA
B (haTn I

Yijk =u+t+a;+ b] + (ab)l] + Eijk ai~N(O, O'g), b]’"’N(O, O'g), (ab)ij~N(0, O'gb),Eijk"“N(0,0'z)

:0-0 nnywn n1*N1a%7 |nann 'vorvvo .2
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MSA
E(MSA) = 0-2 + moﬁb +]m0'§ FA = MSAB ~FI—1,(I—1)(]—1)

MSB
E(MSB) = 0-2 + moﬁb + Imof FB = mNF]_L(]_l)U_l)

MSAB
E(MSAB) = 02 + mo}, Fyp = MSW ~F_ng-1),m-1D1y

TNXI YIAR TNXR Y'own DO (Mixed Two-way ANOVA) Q11ynn mzna nniT 7Tin oy Tay7? na .3

M

IR0 XX (10)

Bayesian optimization: approach in decision theory that treats the goal function/cost as random
function (usually through dependence of that function on unknown parameters, i.e.
L(8, action)), and takes actions according to that stochastic cost.
Bayesian optimization can be useful in experimental design when trying to estimate parameter or
find optimal action. That's particularly true if the experimental data is costly to gather — either
because the experiment is expensive or because it is conducted as part of the process which is
tried to be optimized (exploration-optimization tradeoff).
Bayesian optimization is based on a prior distribution assigned to the parameter from which the
action is derived, and not from convexity of L(8) as in gradient-based optimization. In addition to
avoiding the convexity assumption, it naturally handles stochasticity in the results, which is simply
reflected in the posterior distribution.
Examples of implementations of Bayesian optimization in experimental design:

a. Bayesian experimental design: quantify both experiment cost and information gain, and

choose the next sample to maximize the (expected) utility:

U(a) = f (f(info(a, x) — cost(x))dpgla(x)) dm(0)

i. Information gain info(a, x) can be quantified, for example, through Shannon's
entropy (after - before), or as KL-divergence between prior & posterior 7 (6).
b. Thompson sampling: for each sample, draw 8 randomly from its current distribution
1(0), then choose optimal action assuming this 8, and update the distribution 7 (8)
according to the new observations.
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