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Summary

Introduction

1. Tail bounds: bounds on P(|X — E[X]| > t).
a. Forni.i.d normal variables —the tail bound on the mean decays exponentially in n.
b. This can’t be exploited through Central Limit Theorem, which is only true up to 0(1/vn).
c. Chebyshevinequality (VarX = ¢?):  P(|X — E[X]| = to) < 1/t?
d. Chernoff bound (Vs > 0): P(X = t) < e StE[eSX]

2. A covariance matrix X € R%*? can be estimated using n — oo samples if d is constant.
a. Ingeneral,n = 0(d?) samples are required.
b. Ifd=~n (d/n—yAn— o)thenE + X - not entry-wise nor in spectrum.

Tail bounds on subGaussian & subExponential variables
3. SubGaussian variables (subG(aZ)): lighter tail than a Gaussian (e.g. finite-support distribution).

a. Equivalent definitions: E[e5*] <e 2 , P(|X|=1t) < 2e~c2t? ||X||p < 03\/5.
b. Orliczy,-norm — ||X||I/) = inf{t > 0|E[e|X|2/t2] < 2} — is finite iff X~subG.
2
4. Hoeffding inequality — for independent {X;} and for any t > 0:

2n?¢?
a. Bounded supports [a;, b;]: P(lx —E[x]|=t) <e (b))’
n2¢?
b. subG(a?): P(x —E[x]| = ) < e Z19

5. SubExponential variables (subE(2)): lighter tail than an exponential variable (e.g. x?).
a. Equivalent definitions: E[eSX] < eS*%, P(|X| >t) < 27, ||X||p < c3p.
b. Orliczy{-norm — ||X||¢ = inf{t > 0|E[e!*V/t] < 2} - is finite iff X~subE.
1

nt?

6. Bernstein inequality: P(IX| > t) < 2e *(@+B9
a. Assuming Bernstein condition (E[|X|¥] < %Var(X)k! B¥~=2), which is equivalent to subk.

Random vectors in high dimensions
2
7. Concentration of norm: || ||X||2 —d || < CK? (K2 = max||XL-||¢ ).
11)2 L 2
a. Ford > 1, most of the density is concentrated around the sphere rather than the origin!
8. Isotropic random vector: £(X) := EXXT = 1; (e.g. Gaussian, symmetric Bernoulli, spherical).
2
a. Equivalently, expected projection in any directionis 1: Vx € R%: E(X,x)? = ||x||2.
9. SubGaussian vectors: ||X|| = sup ||(X,x)2|| < (subG variable in any direction).
‘Uz xESd‘l lIJZ

a. SubG coordinates form a subG vector.
b. SubG vectors are nearly-orthogonal: |[XTY| < 1/\/3 w.h.p.

Maximum, covering & packing
10. For general (dependent) variables: E [maxXi] < N/P max||X||p (using Jensen inequality).
L l

t2

11. For subG: E [1?%)1%)(1'] <o 2logN and P (miaxXi > t) < Ne 242,
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a. Linear combinations of subG: F [rgleag GTX] <ov2InN (if Pis a convex polytope).
b. Projections of subG in different directions: FE [g'éan GTX] < 40+d (B is the unit ball).
2
12. ForsubE: E [maxXi] < max||X;||, logN.
i i 21

13. Maximum over infinite set — F [meakg(f(x)] — can be approximated by a grid on K if f is Lipschitz.
X

a. Covering number (N (K, €)): min size of e-net (that covers K with e-balls).
b. Packing number (P(K, €)): max size of e-separated set (that fits into K with e-distances).
Covering vs. packing: P(K,2¢) < N(K,e) < P(K,¢)

: a. _IKl |x+585| d_y i
d. Coveringvs.volume: VK c R%: esd] < N(K,e) <P(K,e) < ER (BS =unit ball)
2 E 2

i. In particular, the covering number of the unit ball itself is exponential in d.
ii. Forarandom matrix A with independent subG (c?) entries:
o(vn +vm) S E[|lAl[] 3 o(va +vm)

where the upper bound considers ||A|| = m%>’§| |Ax|| and uses the bounds above.
X€EB]

Linear regression
14. Linear regression: estimate 8 € R® from X € R™4,Y € R™ where Y = X0* + € (;~subG(c?)).

a. Least squares estimator: OLS := argmin|Y — X0|3 = (XTX)"1XTY.
0erd
i. Ridge regression: 0 := argmin|Y — X603 +/1||9||z =X'X+AD"XTY
ferd

1 % rank(XTX)

b. E[MSE(X6)| = ,andw.p. 1 — 8, MSE(X6"%) 3 %Zlogg + -

i. Note: MSE = [in-sample square error of Y, joqn = X6*] = denoising error.

% rank(XTX)
n

2d
logT

n

2
15. Constrained LS (1 — 6 bounds): 8* € By = MSE S ¢ , 0" € Bo(s) = MSE = %log %.

a. By is an explicit sparsity constraint, but is not convex (since Lg is not a norm) and thus
hard to optimize. However, if we replace knowing s by knowing o, then we can obtain a

v if 4] > 21
0 else

dataset X is orthogonal. Without orthogonality, we would need Bayes Information

Criterion (BIC), which is also computationally hard. Alternatively, B; (Lasso) can be seen

as a convex (thus easier to solve) approximation, and also encourages sparsity. Lasso

similar result easily using the hard threshold estimator éj :={ if the

assumption also reduces the error bounds significantly if d = v/n. Under orthogonality,
Lasso is solved by a soft threshold estimator.
16. Misspecified linear regression: Y = f(X) + € with f(X) # X0* (6 € K).
a. Oracle inequality for K = R% Bj: E[MSE(X@)] < MSE, 4c1e + €TT.5; Where
MSE ) nc1e = 912£ MSE(X0) and err,g; is the noise — the estimation error under the

corresponding linear model (as specified above).

Gaussian processes
17. Gaussian process: random process {X; };er where {X;};cr, is Gaussian for any finite subset Tj,.
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18. Slepian inequality: centered Gaussian processes with EX? = EY;? and E(X; — X,)?> < E(Y, —

Y,)?, satisfy Vp € R: P [sup X = p] <P [sup Y > p] and in particular E [sup Xt] <E [sup Yt].
teT teT teT teT
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Introduction
1. Mean estimation of i.i.d variables:
a. Law of Large Numbers (LLN): X,, > E[X;] in prob. / a.s. (depending on finite moments).
b. Central Limit Theorem (CLT): Vn(X,, — E[X1]) - N(0,Var(X;)) in distribution.
c. Error estimation — quadratic risk: E[(X,, — E[X; ])?] = Var(X,)/n.
2. Tail bounds (concentration inequalities): bounds on P(|X — E[X]| > t).

2
e—t2/2

a. Mills ratio inequality: X~N(u,02) =2 Vt > 0: P(|X —u| > to) < \/% .

b. Berry-Esseen: |P(\/ﬁ% > t) - P(|Z]| > t)| < C/Vn.
i. Z~N(0,1)andC =E|X, — EX;|3/03.
ii. The bound is tight (can be demonstrated using i.i.d Bernoulli variables).
=>» The Gaussian’s exponential tail-bound can’t be exploited through CLT approximation.
c. More advanced tail bounds (e.g. Hoeffding) are discussed below.
3. Covariance matrix estimation of n i.i.d variables in R%:
a. Sample cov. matrix £ := %Z?ﬂXiXiT converges to T := E[X;X{ ]| element-wise asg - o0,
i. Inthe general case we need n = 0(d?) for estimation of .
b. High-dimensional asymptotics—d,n —» o, d/n -y € (0,1]; example forZ = I;:
i eigs(f) converge to Marcenko-Pastur distribution (a wide dist. maximized at y).

ii. Specifically for top-eig: Vt > 0: P (Amax(f) >1+ C(w/d/n +t+ \/f)) <e™™,

SubGaussian random variables
4. Moment Generating Function (MGF) of X: M(s) == E[e¥] (0%M/as* |5=o = E[X¥])
5. Orlicz norm: ||X||1p = inf{t > 0|E [1,0 (%)] < 1}
a. 1 is convex, increasing, and 1(0) = 0, )}Hl;) Y(x) = oo,
b. Examples:
i Pp=xP = ||X||¢ = ||X||Lp
i. py=e*=1 = [IX|| = inf{t>0E[e"/] <2}
1
iil. pp=e* —1 = |Ix||, =inf{t>0E[e™/*"] <2}
2
c. ||-||¢1 VS. ||-||¢2: For anZ random variables X, Y:
; 2 —
- 1], =i,
i ||XY||¢1S||X||¢2||Y||¢2

s2g2

6. SubGaussian R.V. with variance-proxy a? (subG(o?)): E[X] =0 A Vs € R:E[e*] < e 2

a. X~subG(c?) & ||X||w <co (for E[X] = 0)
2
7. FE[X] = 0AVar(X) =1, the following are equivalent:
a. VSER: E[esX] < ec15”
b. Vt > 0: P(|X| = t) < 2e~¢2’
: = n1/p <
c. VpEN: ||X||p (EIX|P)YP < ¢3,/p



Summarized by Ido Greenberg 2020

d. vs€(0,c;): E [esxz] < S
8. Example: X has a bounded support = X~subG.
9. Hoeffding inequality — for independent {X;} and for any t > 0:

2n2t2
a. Bounded supports [a;, b;]: P(lx—E[x]|=t) <e (b))
n2t2
b. subG(a?): P(x —E[x]| = t) < e Zai
c. Reference — Chebyshev inequality (VarX = 0?): P(|X — E[X]| = to) < 1/t?
d. Reference — Chernoff bound: PX>t) < igge‘“E[eSX]
S

10. Example — median of means:
a. Boosting —independent binary classifiers with P(C; is correct) > % + 4
using Hoeffding, P(voting is wrong) = P(X < 1/2) < g=2nd’,
b. u* :=median over k estimators {ﬁi}i-‘zl, each based on n samples:
i. n= %2 =>P(lg; —ul<e) > % (Chebyshev)
ii. Inaddition k > 81n% >P(u—ul<e)=1-96 (Boosting)

c. Mean has best expected accuracy, but med.-of-means is stable in the sense of tail bound.

SubExponential random variables
11. SubExponential R.V. with param. A > 0 (subE(4)): E[X]=0 A V|s| < %:E[esx] < s ¥
a. X~subE(1) = ||X||¢ <c¢ and ||X||w < 1= X~subE(c,) (for E[X] =0)
1 1

) ] 2 _ (1 w.p.1/n
i. Note: ||X||¢1 cannot be bounded by C - Var(X) (seee.g. X,, = {0 w.p.1— 2/n)'
b. Example: y?~subE (chi-square).

12. If E[X] = 0, the following are equivalent:

a. dc; >0,V|s| < Ci: E[esX] < es’¥
1
b. 3c, > 0,Vt > 0: P(|X|>t) <2e 2t
c. dc3>0,YpEN: ||X||p=(E|X|”)1/”Sc3p

13. Bernstein inequality: {X;}I-; independent & subE =2 P(|X|>t) < 2~ Cnmin(¢2/5%,t/0max)
2.1 2 —
a. 07 = ;Z“Xi”wl: Omax = miaX“Xi”lIh'
i -1 i . X Imax 1062 4 O 2
b. By choosing P = 1 — § and solving for t: |1X| < C[ " logs + N logs]

14. Bernstein inequality — more standard form:

a. Bernstein condition (BC(b),b > 0): Vk € N: E[|X|¥] < 0.5 -Var(X)k! b*~2

nt?
b. {X;}, independent, centered & follow BC(b;) = P(|X| > t) < 2e 2 +bmaxt)
i. a2:=mean(Var(X;)), bmayx = maxb;.
L

a
Vn
d. Example: |X| < B = BC(B/3); better than Hoeffding if 1t term dominates (¢ < B/v/n)

c. Bychoosing P =1 — § and solving for t: IX|<C [%log% + log%
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15. Example — classifier accuracy estimation: in case where the empirical error is 0% over n samples,
C.L.Tyields pgpr S 1/4/n but Bernstein can vield pe, < 1/n.

Random vectors in high dimensions
16. Concentration of norm:

{X 3L, € R%independent & subGaussian with EX? =1 = || ||X||2 —d ||¢ < CK?
2

2 ._ 2
a. K°:= miax||Xi||¢2.

b. More specifically, Vd — CK? < E||X||2 <+/d and Var(||X||2) < CK?2.
c. le.in HD, most of the density is concentrated around the sphere rather than the origin.
d. Intuition: the area S471 is &« r4~1 = the volume around it gets dominant as d increases.
17. HD Gaussian is isotropic and concentrated around the norm =» spherical.
a. lIts typical set (points whose prob. density doesn’t go to 0) is a sphere.
18. Isotropic random vector: 2(X) == EXXT =1, € R4

a. Examples: Gaussian; symmetric Bernoulli (Unif ({—,1,1}%)); Spherical (Unif (vVdS@~1)).
b. X isotropic © Vx € R:E(X,x)? = ||x||§.

i. l.e.the expected projection of X in any direction is 1.
c. Xisotropic > E||X| |z =d; X, Y isotropic & independent = E(X,Y)? = d.

19. SubGaussian random vector: ||X||llJZ = sua%)1||(X,x)2||lIJZ <
X€S4™

- |1x |lIJ is the subGaussian norm.
2

a

b. Intuitively, 1D subGaussian in any direction.

c. Examples: Gaussian; symmetric Bernoulli; Spherical.
d

{Xl-}‘i’l=1 are independent centered 1D subGaussians =» they are a subGaussian vector with
X1, < C-max|Ix;| .

i. |If {Xl-}fl=1 are dependent they’re still a subG vector but w/o the norm bound.
e. Near-orthogonality: X,Y are d-dimensional independent isotropic subG vectors =

XTY| < % w.h.p. (with high probability).

Maximum inequalities

20. Motivation: how far a random walk would get (max over time steps); how wrong could 8 be (max
over different ground truths 6)...

21. {X;}}_; (possibly dependent),p € N: E [miaXXi] < N/P miax||X||p
a. Proved by Jensen inequality: E[(maxle-Ip)l/p] < (E[max|X;|P]D)/P
b. X;~subG(c?) Ap:=1logN => E [miaxXi] <e-c-0- \/m
i. Proved by property (c) of subG variables.
22. More accurate theorem: X;~subG(c?) = E [miaXXi] < am

a. Version with absolute value: E [miaXIXL-I] < o0,/2log2N

7


http://www-math.mit.edu/~rigollet/IDS160/Notes/IDS_160_Lecture_04.pdf
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b. ForsubE: X;~subE = E [maxXl-] < max||Xi||¢ log N.
L L 1
t2
23. X;~subG(c?) & P(maxX;>t)<Ne 2%,
L
24. Convex polytope P: the convex hull of a finite set of points in R (all convex combinations).
a. V(P) is that finite set of points (the vertices of the polytope).

b. Max over convex polytope is max over the vertices: Vx € R%: rgapx 0Tx = GmV%() 0" x
€ €

c. If[[V(P)|=N] A [Vvl- eV(P): viTX~subG(02)] then:

. E[lggPXBTX] <oVZInN  (abs: E[%léig(|9TX|] < oVZIn2ZN)

2 ")
i. P(max0™X>t)<Ne2? (abs: P(max|0TX| > t) < 2Ne 5
oeP 6epP
d. Example:V :=B; = L; ball = {x € Rd| ||x||1 <1} CP.withN = |{iei}fi=1| = 2d.
25. Euclidean ball: B, = L, ball = {x € R?| ||x||, < 1}.

a. Not a polytope, but contained within one: B, C \/HBl.

> X;~subG(c?) = E [gé%x eTx] <+dE [gréanleTXl] < ov2dIn2d
2 1
b. It can be shown thatin fact, E [gré%x BTX] < 4¢+/d (without the log).
2

i. Also,w.p.1—6: gré%XGTX < 40Vd + 20./21og 1/8.
2

Nets, covering numbers and packing numbers
26. Goal: find E [mea})xf(x)] (random function over a domain K / R.V.’s indexed by continuous K).
X

a. Intuition: if f is Lipschitz, this can be approximated by a finite “e-grid” (with accuracy~¢);
and expected max over a finite grid is solved above (with accuracy~ log N, N~¢~dimD),
i. Note: optimized bound requires to solve the tradeoff over €.
27. Covering number (N(K,d, €)): minimal size (cardinality) of an e-net of K.
a. e€-net: N € K that covers K up to e-balls: Vx € K,3xy € N:d(x,xy) < €.
b. By permitting ball-centers outside of K, we may save only a little:
Ne*'(K,d,e) < N(K,d,e) < N**'(K,d,e/2)
c. If outside points are not permitted, we have anomalies (up to factor 2 in €) such as

N ([0,1]\{%},6 = %) =2>1= |{§} =N ([0,1],e = %) even though [0,11\(3} < [0,1].
28. Packing number (P(K, d, €)): maximal size (cardinality) of an e-separated subset.
a. €-separatedset: N € K with: Vx #y € N:d(x,y) > €.
b. In a normed space (but not in every metric space), P is the largest number of disjoint
closed €/2-balls whose centers are in K.
29. A maximal e-separated set is an e-net.
a. “Maximal” —in the sense that any additional point would ruin the separation.
b. Proof: otherwise there exists an additional point that is far from any point of N.
c. Accordingly, an e-net can be constructed by repeatedly choosing new “e-far” points until
no such points exist. This process is guaranteed to converge if K is compact.
30. Covering vs. packing: P(K,d,2¢) < N(K,d,e) < P(K,d,e¢)
a. Theright inequality is trivial since the separated set of size P is itself also a net.
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. ) n. Kl |K+(e/2)BY|
31. Covering vs. volume: VK c R": BT < N(K,e) < P(K,e) < T8t
a. || = volume; B} = Euclidean unit ball; sum of sets = Minkowski sum (all sums of pairs).

b. The left side is |K| divided by the volume of an e-ball. The right side is the volume of all
the points “€/2-close” to K, divided by the volume of an €/2-ball.

c. Inparticular for K = B} = Euclidean unit ball, the covering N(B%, €) is exponential in n.
(1)n< N(BY )<(3+1)n<(3)n last i lity is for e < 1

-) = 2,€) =2 =z (last inequality is for € < 1)

32. Example — operator norm of a random matrix A € R™™;

a. |lAll= max ||Ax | = max max y'Ax (vector norm equals its max projection).
X€R™,||x]|,= xE€BY yeBIM

b. Atight bound for the expected norm of a random A with independent subG (c?) entries:

o(vVn ++vm) 3 E[||Al|]] < 20y2(n + m)log9 = o(vn + vVm)

i. The “9” comes from the covering num. N(B%,1/4 ) using the upper bound above.

Linear regression
33. Regression: Yi=f(X) +¢€ (1 <i<n, X;€RY Ele]= 0)
a. Goal: estimate u = (f(xl), v f (xn)) € R™ given data {(xi,yl-)}l-=1 (i.e. from u + €).
b. Metric to minimize: ~ MSE(f,) = % [ (fn(xi) - f(xl-))2 = %Iﬁn — ul3
34, Linearregression' u=2X0%ieY=X0"+¢€ (X ER™4 9*ecR? Y,c€ R")
a. MSE = P=(0-6)" %007

i. In sample errorin Y pqn == X0* = denoising error.

~ 2
1. Note: unlike |0 — 0 iy the defined MSE is not invariant to X’s scale.

ii. If X rows are orthogonal, then MSE « |§ — B*E

35. Least squares estimator — 85 € argmin|Y — X0|3:
0cRrd
a. Theorem: 0L = (X"X)"1XTY (proven by zeroizing the derivative explicitly)

If XTX € R¥4 is not invertible (e.g. d > n), we can use Moore-Penrose pseudoinverse,
which chooses 8 = 6, + 6, whose projection on the kernel of XTX is 8, = 0.

c. Ridge regression: 0 := argmin|Y — X6|3 + /1||9||; =X"X+aAD" XY
0er4
36. Non-asymptotic LS analysis — for Y = X8* + ¢; with independent noises ei~subG(GZ):
a. Unconstrained case (8* € R4): E[MSE(X6")] = z
i. r=rank(X'X) <d,n
ii. Alsow.p.1— 6 (by bounding over the unit ball): MSE(XHLS) sz (log + r)

iii. In this case, the proof can rely explicitly on the closed- form solution.

2
Alternatively, we can use the definition of 8%° to have ||Y—X9L5||2 <

1Y = x6°1[% = |l€l|? (along with Y — X6* = X (6" — 6°) +e)

b. Constrained: 8* € Byand V1 <j < d: ||Xj||2 <+vn: E[MSE(X0)|<¢ ’loiz‘i
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2d
log?

i. W.p.1-—3: MSE(X0) 3 o

n

ii. Note that by exploiting the L1-constraint (and assuming it’s true...) we changed

logd

d . . .
the error from o —to , which is better if d = v/n (otherwise the general

n
bounds are not better than the unconstrained case).
iii. The proof uses a max over B1’s vertices for the bounding.
iv. Thisis Lasso Regression (the L1-constraint is equivalent to L1-penalty up to choice
of parameters). While LO derives pure sparsity, L1 is the closest one which is an
actual norm (and thus derives a convex domain). It is also known to yield a sparse

estimator (but also to decrease the entries of the estimator).
2
X . . d
c. 0" € By(s) (LO-ball = up to s nonzero entries = sparse regression): E < ?log%

2
i — & 5) < 22109 L
i. W.p.1-6: MSE(X0) 3 —log

. d\2%s .

ii. The proof assumes known s and uses a max over the (st) < (Z—S) possible
choices of s coordinates of  and s of 8* (2s disjoint coordinates in worst case).

iii. Since By is not convex it is not straight-forward to find the minimizer, and thus

the actual error is [minimizer’s error] + [computation/algorithm error].
d. 6* € By(s) with unknown s, orthogonal design XX = nl;, and known o:

2
i. W.p.1-86: M5E5$log%
ii. The proof relies on Gaussian Sequence Model (GSM): multiplying the linear
- T
regression model Y = X6* +¢€ by X"/n, we get ¥V := % = 6" +§ (using

orthogonality of X). This simplification is called direct (observation) model (in

contrast to the inverse problem where we had to invert X). We also use MSE =

|6 — 06"

iii. Unlike the case of known s, this problem does not have exponential complexity

Y if 5] > 2¢
0 else

z (by orthogonality).

(d-choose-2s) — the estimator is simply a hard threshold: 9]- = {

fort:=0 /—Z log(:d/a).

iv. The hard threshold estimator is also the optimizer of the MSE with regularization
term 4T2||9||0. By replacing this with 412||6||1 (Lasso), the optimizer becomes
the soft threshold estimatoréj = {YJ - Sl%n(YJ')ZT lfl |Y]| > 2t

else

Hard Soft

Hard threshold vs. soft threshold

10
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v. In the more general case — without the orthogonal design X'X = nl; — the
2
regularized form ||Y—Xt9||2+412||9||0 can still be used, named Bayes

. I . . 2logd
Information Criterion (BIC). In this case, by setting 72 « %

|16%I|,0% loged/s
E—

, we have (w.p.

1—-96): MSE =<
37. Misspecified linear model:Y = f(X) + €, f(X) ~ X0* (not equal this time). For§ € R and 6 €

B, the oracle inequality shows that the approximation error (oracle error, since that would be
the error of an all-knowing oracle with a linear model) is at most added to the noise:

. 2 T
E[MSE(XB)] < glglf(MSE(XO) + err, where err = CM for K =R% and err =
Co+/log(d) /n for K = B; (same as in the corresponding linear models above).

Gaussian processes
38. Random process: random variables {X;}:cr (for some set T).
a. Gaussian process: {Xt}tETO is a Gaussian vector for any finite subset Ty, c T.
i. Equivalently, any finite linear combination Y a;X; is a Gaussian variable.
b. We assume EX; = 0 and denote the covariance X.
39. Increments: d(t,s) = E[(X; — X,)?] (e.g. for Brownian motion: d(t,s) = /|t — s])
40. Canonical Gaussian process: X, := gl t, wheret € T © R"™, go~N(0,1,).

2
a. Theincrementsare d(t,s) = ||t — s||2 (by direct calculation).

41. A uniform control on a process: a bound on E [sup Xt].
ter

a. E.g. for Brownian motion: E [supXt] = ’% (to = 0)
t<to

42. Slepian inequality: let {X.},{Y;} be centered Gaussian processes with Vt,s: EX? = EY? and
E(X,— X,)? <E(Y,—Y,)? Then Vp€ER:P [supXt > p] <P [squt > p] (and thus also
teT teT

E [supXt] <E [sup Yt]).
teT teT

a. The proofis based on Gaussian interpolation, where we define Z(u) = VuX + V1 —uY.
Note that if X,Y are independent, then Z(Z(u)) =uX(X) + (1 —u)X(Y). By defining
fx) = X{mglxXc<p} and showing that f(Z(u)) is non-positive in u, we have f(X) =

f(Z(l)) < f(Z(O)) = f(Y) as required.

b. This is a private case of a more general technique named coupling argument: the
inequality is independent of the dependence between X,Y (since only one of them
appears in each side), so we may construct their joint distribution in any convenient way
without losing generality (as long as the marginal distributions are conserved). In this case
we assume that they are independent.

c. The monotony is proven using Gaussian integration by parts (AKA Stein identity): for
X~N(0,Z) and differentiable f: R™ — R, we have X - E[Vf(X)] = E[Xf(X)].

11



